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We introduce the retracing argument for distance-regular graphs and prove
several results by applying this argument.  2000 Academic Press
1. INTRODUCTION
The circuit chasing technique was first introduced by Biggs, Boshier, and
Shawe-Taylor and was the key for their classification of cubic distance-
regular graphs [1]. The argument was developed by Boshier and Nomura
in [3]. The idea is to write down the distance distribution, which is called
the profile of a circuit with respect to one of its edges and to derive the
profile with respect to the next edge. We continue this procedure suc-
cessively to obtain some information of the graph considered.
Applications of the circuit chasing technique can be found in [35].
In this paper we introduce an argument which will be called the retracing
argument. We study how to use this and give some applications. The
author has already obtained some good results using this argument. (See
[9].)
The reader will find that the circuit chasing technique is not just a
technique that chases a circuit. The retracing argument says ‘‘I’ll be back.’’
First we recall our notation and terminology.
All graphs considered in this paper are undirected finite simple graphs.
Let 1 be a connected graph with usual distance 1 . We identify 1 with the
set of vertices. The diameter of 1, denoted by d1 , is the maximal distance
of two vertices in 1.
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Let u # 1. We denote by 1j (u) the set of vertices which are at distance
j from u.
For two vertices u and x in 1 with 1 (u, x)= j, let
C(u, x) :=1j&1(u) & 11(x),
A(u, x) :=1j (u) & 11(x),
and
B(u, x) :=1j+1(u) & 11(x).
We denote by c(u, x), a(u, x), and b(u, x) their cardinalities, respectively.
We say ci exists if ci=c(x, y) does not depend on the choice of x and
y under the condition 1 (x, y)=i. Similarly, we say a i exists or bi exists.
A graph 1 is said to be distance-regular if ci , ai , and bi&1 exist for all
1id1 . In this case, k1 :=b0 is called the valency of 1.
The reader is referred to [2] for more detailed descriptions of distance-
regular graphs.
Let r and s be positive integers. The following are our main results.
Theorem 1. Let 1 be a distance-regular graph with c1= } } } =cr+s+1=1
and a1= } } } =ar<ar+1= } } } =ar+s . If ar+1 {1, then 3sr+2.
Theorem 2. Let 1 be a distance-regular graph with c1= } } } =cr<
cr+1= } } } =cr+s+1 and a1= } } } =ar<ar+1= } } } =ar+s . Then 2sr.
In Section 2, we recall the intersection diagram which is our main tool.
In Section 3, we introduce the retracing argument and give an example of
the application. In Section 4, we prove our main theorems by applying the
retracing argument.
2. INTERSECTION DIAGRAM
The reader familiar with the intersection diagram can skip this section.
Let 1 be a connected graph with the diameter d1=d2. Let u and v
be vertices in 1, and set Dij=D
i
j (u, v) :=1i (u) & 1j (v). The intersection
diagram with respect to (u, v), we say (u, v)-diagram for short, is the collec-
tion [D ij]0i, jd with lines between them. If there is no line between D
i
j
and Dst this means that there is no edge (x, y) with x # D
i
j and y # D
s
t . We
erase D ij if we know it is the empty set.
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Let z # 1 and X, Y be subsets of 1. Let
e(z, Y) :=|11(z) & Y| and e(X, Y) := :
x # X
e(x, Y).
The following are basic properties of the intersection diagram with
respect to an edge.
Lemma 3. Let 1 be a connected graph with the diameter d1=d2. Let
(u, v) be an edge and set Dij :=D
i
j(u, v). Then the (u, v)-diagram has the
shape as in Fig. 1. Moreover, for any x # Dtt and y # D
t+1
t , we have the
following.
(1) e(x, Dt&1t&1)+e(x, D
t&1
t )=c(u, x) and e(x, D
t&1
t&1)+e(x, D
t
t&1)=
c(v, x).
(2) e(x, Dtt+1)+e(x, D
t
t)+e(x, D
t
t&1)=a(u, x) and e(x, D
t+1
t )+
e(x, Dtt)+e(x, D
t&1
t )=a(v, x).
(3) e(x, Dt+1t+1)+e(x, D
t+1
t )=b(u, x) and e(x, D
t+1
t+1)+e(x, D
t
t+1)=
b(v, x).
(4) e( y, Dtt+1)+e( y, D
t
t)+e( y, D
t
t&1)=c(u, y) and e( y, D
t
t&1)=
c(v, y).
(5) e( y, Dt+1t+1)+e( y, D
t+1
t )=a(u, y) and e( y, D
t
t)+e( y, D
t+1
t )=
a(v, y).
(6) e( y, Dt+2t+1)=b(u, y) and e( y, D
t+2
t+1)+e( y, D
t+1
t+1)+e( y, D
t
t+1)=
b(v, y).
(7) If ct and ct+1 exist with ct=ct+1 , then e(Dt+1t , D
t
t)=
e(Dt+1t , D
t
t+1)=e(D
t
t+1 , D
t
t)=0.
(8) If ct , ct+1 , at , and at+1 exist with ct=ct+1 and at=at+1 , then
e(Dt+1t , D
t+1
t+1)=e(D
t
t+1 , D
t+1
t+1)=0.
(9) If at exists with at=0, then Dtt=<.
FIGURE 1
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Proof. We divide the vertex set of 1 into (d+1)_(d+1) sets
[Dij]0i, jd , where D
i
j :=1i (u) & 1j (v). If there exists z # D
i
j , then we have
|i& j |1 and i+ j1 from the triangle inequality on (u, v, z). This implies
Dij=< if |i& j |>1 or i+ j<1. If there exists an edge (w, w$) with w # D
i
j
and w$ # Dst , then we have |i&s|1 and | j&t|1 from the triangle
inequalities on (u, w, w$) and on (v, w, w$). This implies that there exists no
edge between Dij and D
s
t if |i&s|>1 or | j&t|>1. So the shape of the
diagram is as in Fig. 1.
(1)(6) These follow from Dii&1 _ D
i
i _ D
i
i+1=1i (u) and D
j&1
j _
D jj _ D
j+1
j =1j (v).
(7) For any y # Dt+1t we have e( y, D
t
t+1)+e( y, D
t
t)+e( y, D
t
t&1)=
ct+1=ct=e( y, Dtt&1) from (4). This shows e( y, D
t
t+1)=e( y, D
t
t)=0. Thus
we have e(Dt+1t , D
t
t+1)=e(D
t+1
t , D
t
t)=0. By symmetry we have the
assertion.
(8) For any y # Dt+1t we have e( y, D
t
t+1)=e( y, D
t
t)=0 from (7). The
assertion follows from e( y, Dt+1t+1)+e( y, D
t+1
t )=at+1=at=e( y, D
t
t)+
e( y, Dt+1t ).
(9) If there exists z # Dtt , then v # A(z, u) which contradicts our
assumption at=0. K
Lemma 4. Let 1 be a distance-regular graph with a1= } } } =a6=
0<a7=a8=a9 and c1= } } } =c10=1. Then the (u, v)-diagram has the shape
as in Fig. 2 for any edge (u, v).
Proof. Let (u, v) be an edge in 1. The (u, v)-diagram has the shape as
in Fig. 1.
We have Dtt=< for all 1t6 from Lemma 3 (9). For any 1i9 we
have e(Di+1i , D
i
i)=e(D
i+1
i , D
i
i+1)=e(D
i
i+1 , D
i
i)=0 from Lemma 3 (7).
Thus we can erase the lines between them, respectively. Similarly we can
erase the lines between D jj+1 _ D
j+1
j and D
j+1
j+1 for j=7, 8 from Lemma 3
(8). Hence the desired result is proved. K
FIGURE 2
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3. THE RETRACING ARGUMENT
Let 1 be a connected graph. Let X and Y be subsets of vertices in 1 and
(v0 , v1 , ..., vt) be a path of length t in 1. The retracing argument for X and
Y with respect to the path (v0 , v1 , ..., vt) is the argument as follows:
We write down the distance relations between the vertices of X and the
edge (v0 , v1), which will be called the profile of X with respect to (v0 , v1).
Derive the profile of X with respect to the next edge (v1 , v2) by using the
intersection diagram. We continue this procedure along the path
(v0 , v1 , ..., vt). Next we derive the profile of Y with respect to (vt&1 , vt)
from the information of the profile of X. Again we derive the profile of Y
with respect to (vt&2 , vt&1) and continue this procedure along the path
(vt , vt&1, ..., v0) to obtain some information of the graph 1.
First we prove the following result to exhibit an example of this
argument.
Lemma 5. A distance-regular graph with a1= } } } =a6=0, a7=a8=
a92, and c1= } } } =c10=1 does not exist.
Proof. Suppose there exists a distance-regular graph 1 as in the state-
ment. For any edge (x, y) in 1, the (x, y)-diagram has the shape as in
Fig. 2 from Lemma 4.
Let (u, v) be an edge in 1. Let (x0 , x1 , ..., x7) be a path of length 7 such
that x0 # D76(u, v), x1 , x2 # D
7
7(u, v), x3 # D
6
7(u, v), x4 , x5 , x6 # D
7
8(u, v), and
x7 # D89(u, v). It is clear that we can find such a path from our assumption.
The profile of X :=(x0 , x1 , ..., x7) with respect to (u, v) is as follows.
The left array means the distance relations and the right figure displays
the locations of vertices of X in the (u, v)-diagram, where the circle
indicates the location of D76 .
Let (v=v1 , v2 , ..., v7=x0) be the unique shortest path connecting them.
Consider the (v1 , v2)-diagram. It is clear that x0 # D65(v1 , v2) and x1 #
D76(v1 , v2). Since x2 # A(v1 , x1) and a6=0, x2 must be in D
7
7(v1 , v2). As
1 (x2 , x3)=1 and 1 (v1 , x3)=7, we have x3 # D77(v1 , v2) _ D
7
6(v1 , v2). If
x3 # D76(v1 , v2), then we have [x1 , x3]C(v2 , x2) which contradicts c7=1.
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Thus x3 # D77(v1 , v2). Since 1 (v1 , xj)=8 for j=4, 5, 6 we have x4 , x5 ,
x6 # D88(v1 , v2) from the shape of the (v1 , v2)-diagram. Thus we have
x7 # D99(v1 , v2) as 1 (x6 , x7)=1 and 1 (v, x7)=9.
Hence the profile of X with respect to (v1 , v2) is uniquely determined as
follows.
Next consider the (v2 , v3)-diagram. Using the same argument we can
uniquely determine the profile of X with respect to (v2 , v3) as follows.
Similarly we can determine the profiles of X with respect to (v3 , v4),
(v4 , v5), and (v5 , v6) as follows, respectively.
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Finally we have the profile of X with respect to (v6 , v7) as follows.
Take any y # A(x7 , x0). Let ( y= y1 , y2 , ..., y8=x7) be the unique
shortest path connecting them. Consider the (v6 , v7)-diagram. Then it is
clear that yi # Di+1i (v6 , v7) for all 1i7. Hence the profile of Y :=
(x0= y0 , y1 , ..., y7) with respect to (v6 , v7) is the same as the profile of X
with respect to (v6 , v7).
Next we consider the (v5 , v6)-diagram. Note that 1 (x7 , y7)=1,
1 (v0 , x7)=8, and x7 # D88(v5 , v6). We have y7 # D
8
8(v5 , v6). Then we can
determine the locations of yi ’s in the (v5 , v6)-diagram. Thus we obtain the
profile of Y with respect to (v5 , v6). It is the same as the profile of X with
respect to (v5 , v6).
Inductively we can uniquely determine the profile of Y with respect to
(v6&i , v7&i) for all 1i5 which is the same as the profile of X with
respect to (v6&i , v7&i).
Finally we consider the (u, v)-diagram. Then we have the profile of Y
with respect to (u, v) which is the same as that of X with respect to (u, v).
In particular, y # D77(u, v).
This implies that [x1] _ A(x7 , x0)A(u, x0), and thus 1+a7a7 . This
is a contradiction The lemma is proved. K
Remarks. (1) Lemma 5 is a special case of Theorem 1.
(2) In the previous lemma 1 need not be distance-regular. In fact the
proof shows that there is no graph 1 such that ci and ai&1 exist for all
1i10 with c1= } } } =c10=1, a0= } } } =a6=0, and a7=a8=a92.
For the rest of this paper we only state that the case 1 is distance-
regular, but the proofs show that the results are proved under the weaker
assumption that corresponding ci and aj exist.
4. PROOF OF THE THEOREMS
In this section we prove our main results by applying the retracing
argument.
First we start with some lemmas.
Lemma 6. (1) There exists no distance-regular graph with a1<a2=
a3 and c4=1.
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(2) There exists no distance-regular graph with c5=1, a1=a2 , and
a3=a42.
Proof. (1) See [8, Lemma 2.4].
(2) See [6, Corollary 1.2] for a1=0. See [7, Corollary 1.4] for
a1>0. K
Lemma 7. Let 1 be a distance-regular graph as in Theorem 1. Assume
ar+1 {1 and r3. Let (u, v) be an edge and set Dij :=D
i
j(u, v).
(1) The (u, v)-diagram has the shape as in Fig. 3, where m :=r+s.
(2) Let x, y, z # 1 with 1 (x, y)=1 and 1 (x, z)=1 ( y, z)=r+1. Let
[x$] :=C(x, z) and [ y$] :=C( y, z). If x${ y$, then 1 (x$, y$)=2.
(3) Suppose r+33s. Then there exists a path (x0 , x1 , ..., xr+1) with
1 (x0 , xr+1)=r+1 such that x0 # Dr+1r , x1 , x2 # D
r+1
r+1 , xj # D
r+i&1
r+i for all
3 jr where j # [3i&2, 3i&1, 3i] and xr+1 # Dr+hr+h+1 where r # [3h&2,
3h&1, 3h].
Proof. (1) This follows from Lemma 3.
(2) Consider the (x, y)-diagram. It has the shape as in Fig. 3 and
z # Dr+1r+1(x, y). Since x${ y$ and cr+1=1, we have x$ # D
r
r+1(x, y) and
y$ # Dr+1r (x, y). The assertion follows.
(3) Set Dij :=D
i
j (u, v) and consider the (u, v)-diagram. Let h be the
integer such that r # [3h&2, 3h&1, 3h]. Then r+h+1r+s=m from
our assumption. If a1=0, then it is easy to show the assertion since
ar+12. We assume a1>0. Then D11 is a clique of size a1 and we can take
w # D11 . Let x0 # D
r+1
r and x1 # D
r+1
r+1 & 11(x0). Then 1 (w, x1)=r+1 as
cr+1=cr+2=1. Let [z]=C(w, x1) and x2 # A(x1 , z). Then z # Dr+1r+1 with
C(w, z)Drr . Thus we have 1 (z, x0)=1 (x0 , x2)=2 and 1 (w, x2)=
r+1 as c2=cr+1=1. Let [ y] :=C(x2 , u) and [x3] :=C( y, x2). Since
1 (x2 , z)=1 and 1 (x2 , u)=1 (z, u)=r+1, we have 1 (w, y)=2 from
(2). It follows that y must be in D12 , and thus x3 # D
r
r+1 such that
1 (x0 , x3)=3 as r3. Take x4 # Dr+1r+2 & 11(x3). Then we have a path
(x0 , x1 , x2 , x3 , x4) with 1 (x0 , x4)=4 such that the locations of vertices
are as in the statement.
FIGURE 3
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Assume r4. Let j be an integer with 4 jr. Suppose there exists a
path (x0 , ..., xj) with 1 (x0 , xj)= j such that the locations of vertices are as
in the statement. Then we have C(x0 , xj) _ A(x0 , xj)=C(xj&1 , xj) _
A(xj&1 , xj) is a proper subset of C(u, xj) _ A(u, xj) as c1+a1=cj+aj<
cr+1+ar+1. Hence we can take xj+1 # B(x0 , xj) such that the location of
xj+1 is as in the statement. The desired result follows by an easy induc-
tion. K
Proof of Theorem 1. Suppose r+33s to derive a contradiction. Then
we have r3 from Lemma 6. Let (u, v) be an edge in 1 and consider the
(u, v)-diagram. It has the shape as in Fig. 3. There exists a path X :=
(x0 , ..., xr+1) as in Lemma 7 (3). Take any y # A(xr+1 , x0)&A(x1 , x0). Let
( y= yl , ..., yr+1 , yr+2=xr+1) and (v=v1 , v2 , ..., vr+1=x0)
be the unique shortest paths connecting them, respectively.
Using the retracing argument for X and Y :=(x0=: y0 , y1 , ..., yr+1) with
respect to the path (u=: v0 , v1 , ..., vr+1), we have
[x0] _ [A(xr+1 , x0)&A(x1 , x0)][A(u, x0)&A(vr , x0)]
similarly to the proof of Lemma 5. This shows 1+(ar+1&a1)(ar+1&ar)
which is a contradiction. The theorem is proved. K
Remark. Let 1 be a distance-regular graph as in Theorem 1. It is
known that if ar+1=1, then s2. (See [4].) So our assumption ar+1 {1
is not essential.
Next we prove Theorem 2.
Proof of Theorem 2. Suppose r+12s to derive a contradiction. Let
(v0 , v1) be an edge in 1 and set Dij=D
i
j (v0 , v1). Then the (v0 , v1)-diagram
has the shape as in Fig. 4, where m :=r+s. Let h :=[r2]. Then we have
r+h+1r+s=m.
FIGURE 4
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Let X :=(x0 , x1 , ..., xr+1) be a path of length r+1 with 1 (x0 , xr+1)=
r+1 such that x0 # Dr+1r , x j # D
r+i
r+i+1 for all 1 jr, where j # [2i,
2i+1] and xr+1 # Dr+h+1r+h+2 . It is not hard to show that we can find such
a path.
Take any y1 # C(xr+1 , x0). Let ( y1 , ..., yr+1=xr+1) and (v1 , v2 , ...,
vr+1= y0) be the unique shortest paths connecting them. Using the retracing
argument for X and Y :=(x0=: y0 , y1 , ..., yr+1) with respect to the path
(v0 , v1 , ..., vr), we have
C(xr+1 , x0)C(v0 , x0)&C(v1 , x0).
It follows that cr+1cr+1&cr which is a contradiction. The theorem is
proved. K
Remark. Let 1 be a distance-regular graph with r :=max[i | (ci , ai)=
(c1 , a1)]. It is known that if r2 and arar+1 , then ar=ar+1=0.
The retracing argument has many applications. For example, see [9].
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